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Abstract. The Fock space of m+p bosonic and n+q fermionic quantum oscil- 
lators forms a unitarizable module of the general linear superalgebra gl m +p\n+q- 
Its tensor powers decompose into direct sums of infinite dimensional irreducible 
highest weight gZ m+p |„ +g -modules. We obtain an explicit decomposition of any 
tensor power of this Fock space into irreducibles, and develop a character for- 
mula for the irreducible gl m+p \ n+q -modules arising in this way. 
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1. Introduction 

The Fock space oi m + p bosonic and n + q fermionic quantum oscillators (see 
Subsection 13.31 for definition) with the standard inner product furnishes a unita- 
rizable complex representation of the real form u(m,p\n,q) of the general linear 
superalgebra gl m+p \ n+q . This representation decomposes into a direct sum of infi- 
nite dimensional irreducible representations which are of highest weight type with 
respect to an appropriate choice of a Borel subalgebra. Because of the unitarity, 
any tensor power of the representation is also semi-simple with all irreducible 
sub-representations being unitarizable highest weight representations. We shall 
characterize the irreducible sub-representations and determine their structure. 

In recent years there have been considerable activities (see, e.g., [7] for refer- 
ences) in the physics community to study unitarizable highest weight represen- 
tations of Lie superalgebras. This is motivated by applications of such represen- 
tations in quantum field theory. For example, the symmetry algebra of the yet 
largely conjectural M-theory is closely related to ospi| 32 (M) [22] • An understand- 
ing of the unitarizable highest weight representations of this Lie superalgebra will 
help to solve mysteries of M-theory. It has also been recognized |U] that some real 
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forms of simple basic classical Lie superalgebras provide the conformal superalge- 
bras of higher dimensional space-time manifolds with extended supersymmetries. 
The unitarizable highest weight representations of these Lie superalgebras thus 
describe the spectra of possible elementary particles existing in such space-times. 

The problem of determining the possible unitarizable irreducible highest weight 
representations of real forms of simple Lie superalgebras was investigated by a 
number of people (see [Zj and references therein), with the most systematical 
study given in [16J. However, a classification analogous to the Enright-Howe- 
Wallach ^1] classification of unitarizable positive energy irreducible representa- 
tions for ordinary real simple Lie algebras has yet to be achieved (see Subsection 

A demanding but physically more important problem is to understand the 
structure of the unitarizable irreducible representations. Recall that a charac- 
ter formula for the unitarizable irreducible highest weight representations of real 
forms of simple Lie algebras ^T] was given in ^H] some fifteen year ago. In an 
earlier publication [U], two of the authors studied the irreducible representations 
arising from the decomposition of the tensor powers of the oscillator representa- 
tions of the orthosymplectic superalgebras. By using results of [31101, a character 
formula for these irreducible representations was derived. In this paper we inves- 
tigate the case of the general linear superalgebra. 

It is known from ^3] that u(d) and u(m,p\n, q) form a dual reductive pair on 
the d-th tensor power of the Fock space of m + p bosonic and n + q fermionic 
quantum oscillators. We explore the duality between the complexifications of 
these Lie (super) algebras to obtain in Theorem 13.31 an explicit decomposition of 
the tensor power of the Fock space into irreducible glj x g/ m+p | n+(? -modules. The 
Howe duality again as in (21 El forms the key ingredient and further enables us 
to compute the characters for the irreducible ^/ m+p | n+g -representations of The- 
orem 13.31 This result is presented in Theorem 15.31 Another application of the 
Howe duality is the computation of the tensor product decomposition of any two 
such unitarizable modules, which is the contents of Theorem 16.11 

Here is an outline of the paper. In Section El we discuss the (gld, gZ m | n )-dualities 
on S(C d (&C m \ n ) and its graded dual space. The material is largely known, but the 
highest weight vectors in the graded dual of S , (C d (8)C m ' n ) given in Lemma EIU have 
not been computed previously as far as we are aware of. In Section El we study the 
^m+pin+q-representations furnished by tensor powers of the Fock space of m + p 
bosonic and n + q fermionic quantum oscillators. In Subsection 13 .21 we show that 
such representations are unitarizable and their irreducible sub-representations are 
infinite dimensional highest weight representations, and in Subsection 13.41 we ob- 
tain the explicit decomposition of the d-th tensor power of the Fock space with 
respect to the semi-simple multiplicity free action of glj x gl m + P \n+q- Section |U 
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gives the gl m + P \n+q — > gl P \ q x gl m \n branching rule for the infinite dimensional uni- 
tarizable irreducible ^/ m+p | n+g -representations arising from the decomposition of 
tensor powers of the Fock space. In Section El we develop a character formula for 
these infinite dimensional irreducible g/^+pin+q-representations in terms of hook 
Schur functions. Finally in Section |H1 we calculate the tensor product decomposi- 
tion of two such irreducible gZ m+p |„ +( j-modules that appear in our decompositions 
of tensor powers. 

2. TENSORIAL REPRESENTATIONS OF GENERAL LINEAR SUPERALGEBRA 

This section presents some results on the (gld, gl m \n )-dualities on S(C d ® C m|n ) 
and its graded dual vector space. The material contained here will be important 
for the remainder of the paper. 

2.1. Preliminaries. We work on the field C of complex numbers throughout 
the paper. Let gld denote the Lie algebra of all complex d x d matrices. Let 
{e 1 , . . . , e d } be the standard basis for C d . Denote by the elementary matrix 
with 1 in the i-th row and j-th column and elsewhere. Then bd = Ylt=i ^- e u is 
a Cartan subalgebra, while bd = J2i<i<j<d^-- ei j * s ^ ne standard Borel subalgebra 
containing h^. The weight of e l is denoted by 6j for 1 < % < d. 

Let C m l n = C m l° © C°l n denote the m|n-dimensional superspace. The super- 
space of complex linear transformations on C m '™ has a natural structure of a Lie 
superalgebra [T7j, which we will denote by gl m \n- Choose a basis {ei, • • • , e m } for 
the even subspace C m '° and a basis {fi, ■ ■ ■ , f n } for the odd subspace C '™, then 
{ex, • ■ ■ , e m , fx, ■ • ■ , /„} is a homogeneous basis for C m ' n . We may regard gl m \ n 
as consisting of (m + n) x (m + n) matrices relative to this basis. Denote by 
the elementary matrix with 1 in the i-th row and j-th column and elsewhere. 
Then f) Hn = EK n C£ a is a Cartan subalgebra, while b m | n — Xji<i<j <m+n ^^ij 
is the standard Borel subalgebra containing h m \ n . We shall denote the weights of 
ti and fj by 6j and Sj respectively for i — 1, • • • , m, and j — 1, • • • , n. 

By a partition A of length k we mean a non-increasing finite sequence of non- 
negative integers (Ai, • • ■ , A&). We will let A' denote the transpose of the partition 
A. For example, if A = (4, 3, 1, 0, 0), then the length of A is 5 and A' = (3, 2, 2, 1). 
By a generalized partition of length k, we shall mean a non-increasing finite se- 
quence of integers (Ai, • ■ • , A&). In particular, every partition is a generalized 
partition of non-negative integers. Corresponding to each generalized partition 
A = (Ai, . . . , A<f), we will define A* := (—Ad, . . . , — Ai). Then A* is also a general- 
ized partition. 

We regard a finite sequence A = (Ai, • • • , Ad) of complex numbers as an element 
of the dual vector space h* d of hd defined by A(e»») = Aj, for i — 1, • • • , d. Denote 
by V£ the irreducible g/d-module with highest weight A relative to the standard 
Borel subalgebra bd- Similarly, we shall also regard a finite sequence of complex 
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numbers A = (Ai, • • • , A m+n ) as an element of the dual vector space fy* m \ n of t) m \ n 
such that X(Ejj) = Xj, 1 < j < m + n. We denote by V\ the irreducible 
<?Z m | n -module with highest weight A relative to the standard Borel subalgebra 

bm+ra- 

2.2. The (gl d , g-i m | n )-duality on S(C d <g> C m|n ). Recall that the natural action 
of the Lie superalgebra gl d x gl m \ n on C d ® C m ' n induces an action on the super- 
symmetric tensor algebra S(C d (g> C m ' n ). This action is completely reducible and 
multiplicity free [TJJ |22 El H] • Indeed the pair (gl d , gl m \ n ) forms a dual reductive 
pair on S(C d <g> C m l n ) in the sense of Howe [TH Ho] . 

Theorem 2.1. j3] Under the gl d x gl m \ n - action, S(C d ® C m ' n ) decomposes into 

(2.1) 5(C d ®C m l") = ^V d A ®V^ |n , 

A 

where the sum in (j2.1|) over a// partitions X of length d subject to the condition 
A m +i < 

(2.2) A = (Ai, • ■ ■ , A m ; < A; - m >, ■ • • , < A; - m >). 

Here X' is the transpose partition of X, and < r > stands for r, if r G N, and 
otherwise. 

Remark 2.1. The condition A m+ i < n is considered to be automatically satisfied 
by every generalized partition A of length d if m > cL 

We shall need an explicit formula for the joint highest weight vectors of the 
irreducible gl d x g/ m | n -module V d <g> V£, n inside S(C <g> C m|n ). (See also [21 j and 
[2H] for different descriptions of these vectors.) We set 

(2.3) x\ := e i ® e h rf k := e* ® 

for i = 1, • • • , d, I = 1, • • • , m, and k — 1, . . . , n. We will denote by C[x, rf\ the 
polynomial superalgebra generated by (J2.3|) . By identifying S(C d ® C m '™) with 
C[x, r/] the commuting pair (gl d ,gl m \n) can be realized in terms of the following 
first order differential operators (1 < i, i' < d, 1 < s,s' < m and 1 < k, k' < n): 

— + V ' g 



(2-4) ^)==E4ct + E^«./- 



3=1 3 3=1 

d 



(2.5) <p{E ss ,):=^2xl—j, <j){E m +k,m+k>) ■= ^2^ — 

j=i dx s , j=1 or)) 



d ■ d d ■ d 

(f){E s ^ l+k ) := x l-^-J> (f){E m +k,s) ■= rfkT—j 

j=X 0r lk j=l OX s 
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Straightforward calculations show that 0(ey), 1 < i,j < d, and 4>(E ab ), 1 < a, b < 
m + n, satisfy the same commutation relations as the elementary matrices and 
E ab respectively. Thus ()2.4|) spans a copy of gl d , and ()2.5|) a copy of gl m \n- 
For 1 < r < min(<i, m), we define 



(2.6) 



A r := det 



rp 1 />i 1 



'1 

X^ X 



If d > m, we consider the following determinant of an r x r matrix for every 
m < r < d: 



(2.7) 



/ 



det 



j; 



i 2 

x 2 x 2 



1 2 
m 

vl vl 
vl vl 



W vl 



X 2 

vl 

r 

Vl 
Vl) 



n. 



That is, the first m rows are filled by the vectors (xj, . . . , Xj), for j = 1, . . 
increasing order and the last r—m rows are filled with the same vector (rjl, 
Here the determinant of an r x r matrix 



m, m 

■ ,vl)- 



A : = 


(a\ 

a\ 


a\ ■ ■ 
a\ ■ ■ 


■ <\ 

■ a r 2 




\al 


a 2 r ■ ■ 


■ a r r J 



with matrix entries possibly involving Grassmann variables, is by definition the 

expression X^es r ( — l)'^ !^ ^ 2 '' ' ' ' a r i where 1(a) is the length of a in the 
symmetric group S r . 

Observe that both A r and A fc r (if defined) are weight vectors of gl d x gl m \ n . 
Their ^/^-weights are respectively 



f2.8) 



wt d {A r ) = (l,-- - ,^,0,--- ,0), 
wt d {A kjr ) = (!,■•• ,JL ,0,--- ,0), 
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while the gZ m |„-weights are respectively 

wt m \ n {A r ) = (1, • • • ,1,0, • • ■ ,0), 
(2 9) r 

1 ' ; wt m \ n (A ktr ) = (1, • • • , s- l_ / ,0, • • • ,0,r_-m,0, • • • ,0), 

m m+k 

Corresponding to each partition A of length d satisfying the condition A m+ i < n, 
we define 



(2.10) A; 



A K Ay 2 ---Ay x , ifAi<m, 

Lemma 2.1. [3] The space of gld x gl m \ n highest weight vectors in the submodule 
Vd®vl\ n ofC[x, V ] is CA A . 

2.3. The (gZ d) gZ p | g )-duality on S(C d * ® C p|9 *)- Let us denote by C p|g * the dual 
of the natural gZ p | 9 -module C p ' 9 , and by C d * the dual of the natural gZ^-module 
C d . Then the gld x gZ^-action on C d * ® C p ' 9 * induces a gZ^ x gZ p | g -action on 

S(C d * ® C p l 9 *) 

If S' fc (W / ) denotes the set of all homogeneous elements of degree in the 
super symmetric tensor algebra of the superspace W, then S k (C d ® C p ' 9 ) = 
S fc (C d ® C p l")*, and thus S{C d * ® C p l 9 *) £ fc S fc (C d ® C p l 9 )*. Therefore it fol- 
lows from the decomposition (j2.1|) that the gZ^ x gZ p |g-action on S(C d * <S> C p ' 9 ) 
is also semi-simple and multiplicity free. Furthermore, we have the following de- 
composition S(C d * <g> C P|9 *) = J2xi V d)* ® ( V p\q)*> Wllere A iS SUmmed OVer a11 

partitions of length d subject to the condition A p+ i < q. Clearly, (V^)* = Vj"* . 
Also, (Vp\ q )* — Vp\ q i where A* is the negative of the lowest weight of V^t . We 

shall give an explicit formula for A* in equation (|2.2()jl . 

Since the supertrace Str is trivial on the derived algebra of gl p \ q , one may twist 
any action of gl p \ q by any scalar multiple of the supertrace. This is to say that, 
if X G gl p \ q acts on a space, then we may define a new action of X on this space 
by X + 7Str(X) instead, where 7 6 C. This in particular allows us to twist the 
standard action of gl p \ q on S(C d * (g> C p ' 9 *) by — rfStr. Under this twisted action of 
gZ p |,j the space S(C d * <8> C p ' 9 *) decomposes into 

(2.11) S(C d * <g> C**) ^ J2 V d ® V v\ q dl+l i 

A 

where 1 := (1, ■ ■ • , 1 , — 1> ' ' ' > ~ 1)- Here the summation in A is over all gen- 

p 

eralized partitions of non-positive integers with length d subject to \d- p > —q- 
Observe that A* is a partition of length d satisfying (A*) p+ i < q. 
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Remark 2.2. For any generalized partition A of length d, the condition \d- p > —q 
is considered to be automatically satisfied if p > d. 

Remark 2.3. Hereafter we shall always refer to this twisted action of gl p \ q when 
considering S(C d * (g) C p ' 9 *) as a gld x g/p|g-module. 

Let e 1 , . . . , e d be the standard basis of C d . Let e 1 *, . . . , e d * be a basis for the 
contragredient g^-module C d . We require the two bases to be dual in the sense 
that e 4 *(e J ) = Sij for all i, j G {1, • • • d}. Similarly, we let ex, ... , e p , fi, ■ ■ ■ , f q 
denote the standard homogeneous basis for the natural gl p \ g -modu\e C p ' 9 and 
e*, . . . , e*, /*,...,/* denote the dual basis for the contragredient gl p \ q -modu\e 
C p ' 9 *. For 1 < I < d, 1 < i < p and 1 < j < q, we set 

(2.12) y\:=e l *®e*, Cj := e z * ® //, 

which form a basis for C d * ® C p ' 9 *. 

We will denote by C[y, £] the polynomial superalgebra generated by ()2.12|) . Let 
Cjj, 1 < i, J ' < d and E ab , l<a,b<p + qbe the bases respectively for gl d and 
gl p \ q consisting of elementary matrices. Then the action of the commuting pair 
(gld, glp\q) on C[y, C] can be realized in terms of first order differential operators 
as follows (1 < i, j < d, 1 < r, r' < p and 1 < s, s' < q): 

(2.13) 0( e<i ) 

(2.14) 4>{E rr ,) 

0(-E's+p,r) 

It is straightforward to show that the 4>{eij) and <f)(E a b) satisfy the same com- 
mutation relations as the and E^ respectively. Furthermore, the elements of 
fl2~T3l commute with those of (j2~T4]l . 

For 1 < r < min(rf,p), we define the following determinant of an r x r matrix: 



fc=i 
d 



fe=i 



k dc k 



1=1 yr 

d 







(f>(E s+p>s , +p ) :- ^ qTtC 
z=i ^ s 



E ^ <k^w) : = E & 



Z=l 



z=l 



(2.15) 



det 



y P 

vi' 1 



Vp-i 
iJp-i 



For 1 < r < d, we define 



(2.16) 



\ tip Up-l 



CtCt 1 ■ ■ <t r+1 k 



Dp-r+l\ 
ilp-r+l 



Up-T + l / 
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It is clear that the A* and A£ r are all gld highest weight vectors with respect to 
the standard Borel subalgebra bd- They are also weight vectors under the action 
of gld x gl p \ q with the gZ^-weights respectively given by 

wt d (K) = (o,--- ,o,^i / ,--- ,-i), 

(2 17) d+l-r 

1 ' wt d (A k , r ) = (0,---, 0,^-1,, ••-,-!), 

d+l-r 

and the p/ p | 9 -weights respectively given by 

wt p{q (A* r ) = -dl + (0,.-. ,0,^-l / ,--- ,^l / ,0,--- ,0), 

(2 ]R\ p+l-r p 

{Z - LQ) wt p \ q (A Kr ) = -dl + (0,... ,0,^,0,- •• ,0). 

p+k 

Let A = (Ai, • • • , Xd) be a generalized partition of non-positive integers subject 
to the condition Xd~ p > —q. Then /x := A* is a partition satisfying the condition 
Aip+i < q- We let /i' denote the transpose partition of /i. Define 

(2l9) A * - J n£liA* +1 _ M ,, if ^<9, 

Lemma 2.2. Let A = (Ai, • • • , Xd) be a generalized partition of non-positive in- 
tegers subject to the condition A^_ p > —q. Then A* x is a non-zero highest weight 
vector in C[y, Q with respect to the joint actions of gld and gl p \ q . The gld-weight 
of A\ is X, while the gl p \ q -weight of A\ is —dl + A with 

(2.20) A := - ((fip - q) , (fi p ^ - q) , ■ ■ ■ , - q) , fi' q , fi'^, ■ ■ ■ 
where /i — X*. 

Proof. Note that 0(ey), for all 1 < i,j < d, act on C[y, (] by derivations. 
Thus the product of any subset of the gld highest weight vectors A*, A£ r , 
r = 1,2, ••• ,min(d,p), k = 1,2, ••• ,q, is also a gld highest weight vector. 
Hence so is A* x . 

Obviously A^ is a highest weight vector with respect to the action of the 
subalgebra gl p x gl q of gl p \ q . Consider the action of 4>{E PyP+ i) = ^2 l=1 ^rCi on 
A* x . When — X d — //i < q, A* x does not involve any of the variables y l p) thus 
(j)(E PtP+ i)A* x = 0. By using the equation 

^£^^ = 0, r>s, 
i=i y P 
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we also easily show that A^ is annihilated by <j>(E P)P+ i) when /i X > q. This proves 
that A^ is indeed a gld x gl p \ q highest weight vector. The rest of the lemma easily 
follows from equations ()2.17|) and (j2.18J) . □ 

To summarize this subsection, we combine Lemma \2. 21 with equation (|2.1j) into 
the following theorem. 

Theorem 2.2. Under the gld x gl p \ q -action, C[y, Q decompose into 



dl+X 

p\q 

x 



where A is summed over all generalized partitions of non-positive integers with 
length d subject to \d- P > —Q- The space of highest weight vectors in ®V~^ dl+x 
is given by CA^. 

3. The (gl d , gl m+p \ n + q ) -Duality on S(C d © C m l n © C d * © C p \ q *) 

3.1. The gl d x gl m+pln+q -action on S(C d ®C m \ n ®C d * ®C p \ q *). We described the 
semi-simple multiplicity free actions of gld x gl m \ n on 5(C a! © C m ' n ) and c/Z^ x 
on S(C d * © C p ' <7 *) in the last section. Through the obvious isomorphism between 
S(C d © C m l n ) © c 5(C d * © CpI"*) and S(C d © C m l™ © C d * © C p ^*) , these actions lead 
to a g/d x <?Z m |„ x gZpjq-action on the latter, where gld acts diagonally. It is not 
immediately obvious, but nevertheless true HU, that S{C d © C m l™ © C d * © C p l«*) 
also admits an action of the larger algebra gld x gl m+p \ n+q . 

For the purpose of describing this action, it is convenient to introduce a basis 
for gl m + P \n+q different from that given in Subsection 12.11 Set 1 = {1,2, ••• ,m + 
p + n + q}. Let {v A \A G 1} be a basis of C p|9 ffiC m|n such that {v a \l < a < p + q} 
and {f p+g+c |l < c < m + n} are respectively the standard bases for C p ^ g and 
C m ' n described in Subsection 12.11 Let Eg, A,B<El, be the set of the elementary 
matrices satisfying EgVc = o~bcVa- These matrices form a homogeneous basis of 
gl m + p \ n +q with the following commutation relations 

(3.1) [Ei,E%] = 5 BC E^(~l) d ^ E B d ^5 AD E ( i, 

where degEg is the Z 2 -degree of Eg. 

Let B := J2A<B ; A,Bei CE b> and fym+ P \n+q ■= Xm€I CE a- Tli en B forms a (non- 
standard) Borel subalgebra of gl m + p \ n +q with the Cartan subalgebra i) m+p \ n+q . 
Note that Ylab=i ^-^b forms a subalgebra isomorphic to gl p \ q , and Yl™t=i ^ E p+t+v 
forms a subalgebra isomorphic to gl m \ n , and these two subalgebras mutually 
commute. Together they form gl p \ q x gl m \ n , which is a regular subalgebra of 
gl m +p\n+q in the sense that its standard Borel subalgebra b p \ q x b m \ n is contained 
in B, and the corresponding Cartan subalgebra t) p \ q x f) m \ n is identified with 
^)m+p\n+ q - This identification leads to canonical embeddings of f)*, and f)jV in 
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h* m+p \ n+q - Choose a basis {e A \A G 1} for \)* m+p \ n+q such that e A (E BB ) = S AB , for 

all A,BeI. An element A = Xmgi ^a^a of ty* m+p \ n+q will also be written as 

A = (Ai, A 2 , • ■ ■ , A p+q+m+n ). Now any pair of elements A = (Ai, A 2 , ■ ■ • , X p+q ) G 

K\q and ^ = ' ' ' ' G ^*m\n S ives rise to an element (A; p) G ^ +p | n+(? 

defined by 

(3.2) (A; y) := (Ai, A 2 , • ■ ■ , \ p+q , H\, /x 2 , ■ • • , fi m+n ). 

We retain the notations C[x, rj\ and C[y, C] from Sectional and denote by 
C[x, y, T), C] the polynomial superalgebra C[x, r/](8>cC[y, C]- Let D[x, y, 77, £] denote 
the oscillator superalgebra generated by the variables x\, rf-, y l r , ( l s , and their 
derivatives £r, ^, where 1 < i < m, 1 < j < n, 1 < r < p, 

1 < s < q, and 1 < I < d. Then D[x, y, 77, naturally acts on C[x, y, 77, C]> thus 
forms a subalgebra of End(C[x, y, 77, (]). 

The general linear group GL(d) acts on D[x, y, 77, £] by conjugations. The 
corresponding action of the Lie algebra gld is realized in terms of the following 
first order differential operators(l <i,j < d): 

m a n a P a 1 a 

(3.3) $( eii ) = * + Efe - Efe - Ecfe 

&4 ^ ^ cty fe ^ dC, 

Let Dfx, y, 7/, £] GL ( d ) denote the GL(<f)-invariant subalgebra of D[x, y, 77, Q. The 
(jL(d)-action is semi-simple. Thus from the first fundamental theorem of the 
invariant theory of the general linear group (see Chapter 4 of |12j ) we deduce 
that D[x, y, 77, Q GL ^ is generated by the following operators : 

(3.4) := $(Eab), l<a,b<p + q, 

(3.5) ■= l<u,v<m + n, 



(3.6) 



(3.7) 



9 (ef*h) := _ x i y i r , HEttri ■= Etl 4Cl 



where 1 < 2 < m, 1 < j < n, 1 < r < p, and 1 < s < q. It is an easy exercise to 
show that the space spanned by 3>(ey), 1 < i,j < d, and ^(E B ), A, B G I is a 
homomorphic image of x gl m + p \ n +q in D[x, y, ^, C]- As every Lie superalgebra 
map uniquely extends to a homomorphism of its universal enveloping algebra, we 
have an associative superalgebra homomorphism 

$ : U(gl d x gl m+p \ n+q ) -> Dfx, y, 77, C]. 
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Now by identifying S(C d ® C m ' n © C d * <8> C p ' 9 *) with the polynomial superalgebra 
C[x, y, 77, C], we obtain an action of gl d x gl m+p \ n+q on S(C d <g> C m|n + C d * ® C p|<? *)- 
It can be extracted from [Hj that this action is semi-simple and multiplicity free. 
We state this as a theorem for convenience of reference. 

Theorem 3.1. [14J The pair (gld, gl m + P \n+ q ) of Lie (super) algebras forms a dual 
reductive pair on C[x, y, 77, (] . 

3.2. Unitarity. We first recall some basic facts about *-superalgebras and their 
unitarizable representations. A ^-superalgebra is an associative superalgebra A 
together with an anti-linear anti-involution u : A — > A. Here we should emphasize 
that for any a, b G A, we have u(ab) = w(b)u(a), where no sign factors are 
involved. A ^-superalgebra homomorphism / : (A, uj) — > (A', to') is a superalgebra 
homomorphism obeying fou = u/of. Let (A, uj) be a ^-superalgebra, and let V be 
a Z 2 -graded A-module. A Hermitian form ( • | • ) on V is said to be contravariant 
if (av\v f ) = (v\u)(a)v'), for all a e A, v,v' G V. An A-module equipped with a 
positive definite contravariant Hermitian form is called a unitarizable A-module. 
It is clear that any unitarizable A-module is completely reducible. 

The oscillator superalgebra D[x, y, 77, £] admits the ^-structure u defined by 



where 1 < i < m, 1 < j ' < n, l<s<g, and 1 < I < d. 

There exits a unique contravariant Hermitian form ( ■ | ■ ) on C[x, y, 77, £] with 
(1|1) = 1. By using the 'particle number' basis relative to which the operators 
y^M' ^ s Ws> for a11 i '^' r ' s '^ are simultaneously diagonalizable, 
one can easily show that the form ( • | • ) is positive definite. The polynomial 
superalgebra C[x, y, rj,Q with this inner product (after completion) is the Fock 
space of d(m+p) bosonic and d(n+q) fermionic quantum oscillators. When d = 1, 
we denote it by ^m+pin+q- Then it is clear that for arbitrary d we have C[x, y, 77, Q 

= (3m+ P \n+q)^ d ■ What presented in this paragraph is standard material on Fock 
spaces, which is part of the basic ingredients of second quantization. 

We now consider a *-structure of XJ(gld x glm+ P \n+q) ■ We shall regard gld x 
glm+ P \n+q as embedded in its universal enveloping algebra. Consider the anti- 
linear anti-involution a of \J(gld x gl m+p \ n+q ) defined, for all 1 < a, b < p + q, 
p + q+ l<r,s<p + q + m + n, and 1 < i, j < d, by 



,1 _ _d_ 





Et ~ (-l) [a]+[b] E b a , 



El » E s r , 
El - -(- 
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where \a] — < ?' \ . a ^' By direct calculations we can show that this 
11, 1 < a — p < q. 

anti- linear map respects the commutation relations (j3.1j) . thus indeed defines an 
anti-linear anti-involution of U(gld x gl m +p\n+q) ■ Now a gives rise to a ^-structure 
for U(gl d x gl m+p \ n+q ). 

Theorem 3.2. (1). The map $ is a *- superalgebra homomorphism from (U(gldX 
glm+ P \n+q) , o~) to the oscillator superalgebra (B[x, y, 77, Q, uj). 
(2). C[x, y, 77, (} is a unitarizable {U(gld x gl m+p \ n+q ), a) -module with respect to 
the Hermitian form (■ , ■ ) . 

Proof. Using equations ()3.3j) - (j3.7p . we can show by direct calculations that for all 
X G gld x gl m + p \n+q, we have $a(X) = u<&(X). This proves part (1). Part (2) 
immediately follows from part (1). □ 

We also have the following result. 

Lemma 3.1. All the irreducible gld x gl m+p \ n+q -submodules o/C[x, y, 77, £] are 0/ 
highest weight type with respect to the Borel subalgebra bd x B. 

Proof. Let H be the harmonic subspace of C[x, y, 77, (], i.e., the subspace consist- 
ing of such polynomials that are annihilated by all the elements <&(Eg), A < p+q, 
B > p + q, of (|3.6jl . Then H forms a module of the subalgebra gld x p/ p | g x p/ m | n 
spanned by elements of ()3.3|h f)3.4|) and ()3.5|) . It follows from the (gld,gl m \n)- 
duality on C[x, 77] described in Theorem 12.11 and the (gld, ^Z p | 9 )-duality on C[y, (] 
described in Theorem 12.21 that H decomposes into a direct sum of finite dimen- 
sional irreducible gld x gl p \ q x 5f/ m |„-modules. 

Let W be an irreducible gld x gZ m+p | n+9 -submodule of C[x, y, 77, Q. Let H w = 
W H H . Then if^y 7^ 0, as the lowest order polynomials of W are all contained 
in H w . Now H w forms a module of the subalgebra gld x x gZ m | n , which in 
fact is irreducible. To see this, we note that if Hw were reducible with respect 
to gld x gl p \ q x gl m \ n , then due to complete reducibility Hw would contain more 
than one linearly independent gld x gl v \ q x g/ m | n -highest weight vectors. However, 
since they lie in Hw, they would also be gld x g/ m+p | n+ ,j-highest weight vectors 
with respect to bd x B, thus contradicting the irreducibility of W. Thus is 
generated by a g/^ x (yf/ m+p | n+9 -highest weight vectors with respect to bd x S, as 
claimed. □ 

Remark 3.1. From Theorem 13. II and the proof of the lemma we can deduce that 
the action of gld x gl p \ q x gl m \ n on the harmonic subspace H of C[x, y, 77, (} is 
semi-simple and multiplicity free. 

Let g R be the real superspace spanned by {X £ (g/ m+p | n+(? )o|cr(X) = —X} U 
v^{X e (glm+ P \n+q)iW(X) = -X}. Then M is a real form of gl m + P \n+q, that is, 
M forms a real Lie superalgebra with the complexification being gl m+p \ n+q itself. 
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The usual notation for this real form is u(m,p\n,q). Note that the maximal 
even subalgebra of g R is u(m,p) x u(n,q). Thus every nontrivial unitarizable 
u(m,p\n, g)-module must be infinite dimensional. 

3.3. Comments on unitarizable modules. At this point, we should relate 
to results in the literature. Note that the restrictions of a to the subalgebras 
gl m \n and gl p i q act differently on the odd subspaces. They respectively give rise 
to two different real forms u + (m\n) and u-(p\q) of the subalgebras. Now q r 
contains the subalgebra u-(p\q) x u + (m\n), which one would like to regard as 
the 'maximal compact subalgebra'. Unfortunately finite dimensional represen- 
tations of u + (m\n) and U-(p\q) are not necessarily unitarizable. In fact it has 
long been known that the only finite dimensional unitarizable irreducible 
representations of u+(m\n) (resp. U-(p\q)) are the tensor products of the irre- 
ducible representations appearing in Theorem 12 . 1 1 ( resp . Theorem 12. 2 j) with some 
1-dimensional representations (upon restricting modules of the general linear su- 
peralgebra to modules of its real form), which constitute a small class of the finite 
dimensional irreducible representations. Thus the situation is very different from 
the case of the compact real Lie algebra u(k). 

The intersection of u(m,p\n,q) with sl m+ p\ n+p gives rise to the real Lie super- 
algebra su(m,p\n,q). It was shown in that su(m,p\n,q) admits no unitariz- 
able highest or lowest weight representations with respect to the standard Borel 
subalgebra if all the integers m, n, p and q are non-zero. Since ^H] was only 
concerned with irreducible unitarizable highest weight modules of simple basic 
classical Lie superalgebras with respect to their standard Borel subalgebras [T7] . 
the irreducible gl m+p \ n+q -modvles appearing in the decomposition of C[x, y, r},Q 
were ignored. In fact with respect to the standard Borel subalgebra of gl m +p\n+ q , 
the unitarizable irreducible representations studied in this paper are neither high- 
est weight nor lowest weight type unless some of the integers m, n, p and q are 
zero. 

A final comment is that when both of the integers n and q are zero, the gen- 
eral linear superalgebra gl m + P \n+q reduces to the ordinary Lie algebra gl m+p , and 
C[x, y, 7], (] to the ordinary polynomial algebra C[x, y] in the two sets of variables 
x and y. Then the irreducible gZ m+p -modules appearing in C[x, y] are the unita- 
rizable irreducible w(m,p)-modules studied by Kashiwara and Vergne in ^H]- It is 
known 0E] that the unitarizable irreducible ti(m,p)-module at every reduction 
point [TTj is a submodule in C[x, y] for some d. However, it is not known whether 
this is still true in the super case. 

3.4. The (gld, gl m+p \ n+q )-duality on C[x, y, rj, (}. Each generalized partition A = 
(Ai, • • ■ , Arf) of length d can be uniquely expressed as A = A + + A - , with 

A + := (max{Ai, 0}, • • • , max{Arf, 0}), 
A~ := (min{Ai,0}, • • • ,min{A d ,0}). 
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Note that A + is a partition of length d , while A is a generalized partition of 
non-positive integers with length d, such that (A - )* is a partition. Furthermore, 

(3.8) depth of A+ + depth of (A - )* < d, 

where the depth of a partition is the number of positive integers in it. 

The generalized partition A = (Ai, • • ■ , A^) satisfies the conditions A m+ i < n 
and \d- p > —q if and only if A+ +1 < n and (A~)* +1 < q. Corresponding to each 
such generalized partition A, we define 

(3.9) n A :=A*_A A+ . 

Lemma 3.2. If the generalized partition A satisfies the conditions \ m+ i < n and 
^d- P > —q, then □> is a non-zero gldX gl m + p \ n + q highest weight vector with respect 
to the Borel subalgebra bdXB. Thegld-weightof\3\ is X, and the gl m+p \ n + q -w eight 
is given by 

(3.10) A(A) := (-dl + X 1 ; A+), 

where the expression on the right hand side is as explained by (|3.2j) . 

Proof. By construction, U\\ is a highest weight vector of the subalgebra gldXgl p \ q x 
glm\n with respect to the standard Borel subalgebra bd x b p \ g x b m \ n . Therefore, 
we only need to show that §{E p+q ^ +q+ i) = J2k=i af* af* annihilates in order 
to prove that 0\ is a gl d X gl m + p \ n + q highest weight vector with respect to the 
Borel subalgebra bd X B. If ^(E p+q ^ p+q+ i)Dx ^ 0, then there must exist at least 
one integer i G {1, 2, • • • , d} such that x\Q appears in D\. Let ht(\ + ) denote the 
depth of A + , and ht((\~)*) denote the depth of (A~)*. By examining its explicit 
form, we can see that does not involve any of the variables x\, d > k > ht(X + ), 
and ( l q , 1 < I < d+ 1 — ht((\~)*). Therefore in order for x\Q to appear in D A , the 
integer i must satisfy d+ 1 — ht((\~)*) < i < ht(X + ). But this is impossible since 
(E£ED requires ht(X + ) + ht((\-)*) < d. Therefore, ${E p+qtP+q+1 )n x = 0, and thus 
□a is a gl d x gl m+p \ n+q highest weight vector with respect to the Borel subalgebra 
b d x B. ' " 

The gld- weight of is obviously A. From Lemma 12.11 and Lemma 12.21 we 
easily see that the gl m+p \ n+q -weight of D\ is indeed (— dl + A~; A+). □ 

We shall denote by W£ +p \ n+q the irreducible highest weight gl m + p| n+g -module 
with highest weight A relative to the non-standard Borel subalgebra B. 

Theorem 3.3. Under the gld x gl m+p \ n+q - action C[x,y, rj, £] decomposes into 
(3-11) qx.y,^]^^^, 

A 

where A is summed over all generalized partitions of length d subject to A m+ i < n 
and \d- p > —q- Furthermore, CD X is the space of highest weight vectors of the 

irreducible module <8> W m *\ n+q . 
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Proof. Note that every irreducible g/^submodule of C[x, y, 77, C] is finite dimen- 
sional. Thus it follows from Theorem 13. II and Lemma T3. II that the decomposition 
of C[x, y, rjX] under gl d x gl m+p \ n+q has to be of the form ()3.11|) . with the sum 
in A ranging over some subset of generalized partitions of length d. (Here if A 
happens to be a generalized partition not satisfying A m+ i < n and Xd- P > —q, 
the expression A(A) stands for the highest weight for gl m \ p \ n \ q corresponding to 
A under this Howe duality.) In view of Lemma l3.2| we only need to show that 
every generalized partition A belonging to this subset must satisfy the conditions 
A m +i < n and \d- p > —q, in order to prove the theorem. 

Let \i be a generalized partition of length d. Assume that either one or both of 
the conditions fi m +i < n and \id- P > —q are violated. We choose a pair of positive 
integers p' and n' with p' > p and n' > n such that fi m +i < n' and ji-d-p 1 > —q- 
Such an n' is trivial to come by, and such a p' also exists since by Remark 12.21 the 
condition fid-p' > —q is always satisfied if p' > d. We let C[x, y, fj, Q denote the 
polynomial superalgebra generated by 

x\:=e l ®ei, y[ := e l * ® e* r , % := e l ® f j} Ci-=e l *^f*, 

for 1 < I < d, 1 < i < m, 1 < j < n', 1 < r < p' and 1 < s < q. Then C[x, y, rj, Q 
becomes a subspace of C[x, y, fj, (] upon identifying 

(3-12) y r .= y p i_ p+r , C s .= £ s , x i .= x i7 rjj .= fjj, 

for 1 < I < d, 1 < i < m, 1 < j < n, 1 < r < p and 1 < s < q. We denote 
this inclusion by 1 : C[x, y, rj,Q —> C[x, y, fj, Q. There is also the surjection 
7r : C[x, y, fj,C,] — >■ C[x, y, rj,Q defined by setting y l r = 0, 1 < r < p' — p, and 
fj\ = 0, n < s < n', for all I, then making the identification (j3.12j) . Obviously, til 
is the identity map on C[x, y, rj, (}. 

Now we turn to the gld x gl m + P '\n'+q- action on C[x, y, fj, Q. Upon choosing the 
basis for C p '\ q ®C m \ n ' that is the union of the standard bases of C p '' 9 and C m ' n ', the 
general linear superalgebra gl m+p i\ n i +q becomes the Lie superalgebra of (m +p' + 
n'+q) x (m+p / +n / -|-g)-matrices. Consider the subalgebra [ of gl m + P '\n'+q consisting 

DO 




of matrices of the form (OX , where XEgl m + P \n+q, and D and D' are 



diagonal matrices of sizes (p' 

Obviously [ contains the gl m+p \ n+q subalgebra { ( X | | Xegl m+p \ n+q 

Let p = n + [ be a parabolic subalgebra of gl m + p >\ n '+q with the Levi factor [ and 
nilpotent radical n. We assume that p contains all the upper triangular matrices. 
Then there exists a nilpotent subalgebra n consisting of strictly lower triangular 
matrices such that gl m + P >\n'+q = p + n. By examining equations (|3.3|) - (|3.7|) we 
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can see that t is a gld x (yf/ m+p | n+9 -module map. Let V be any gl d x gl m + P \n+q- 
submodule of C[x, y, 77, (}. Then l(V) is in fact a gld x p-module with n acting by 
zero. Thus W = $(U(n))t(V) forms a gld x gl m+p i\ n / +q -sub module of C[x, y, fj, (}■ 
Note that W is irreducible if V is irreducible with respect to gld x gl m + P \n+q- Again 
by examining equations (|3.3j) - ([3.7|) we can see that 7r is a gl d x (yf/ m+p | n+g -module 
map from the restriction of C[x, y, 77, Q to C[x, y, rj,Q, and satisfies n(W) = V. 
This in particular implies that iri is the identity gld x gZ m+p | n+g -module map on 
C[x,y,7/,C]. 

Let Vfj, G C[x, y, 77, Q be any gZ^ x gl m+p \ n+q highest weight vector with the gld- 
weight p (that violates one or both of the conditions p m +i < n and pd- P > — g). 
Then by the above discussion, t(f M ) is a gZ rf x [ highest weight vector in C[x, 7/, 77, £], 
which has the same gld weight, and is also annihilated by n. Therefore, i{v^) is 
a gld x gl m+p /\ n / +q highest weight vector in C[x, y, fj,Q. By Theorem 13.11 and 
Lemma 13.21 (with p replaced by p' and n by n'), there exists a unique non-zero 
G C[x, y, fj, C] such that t(f M ) = cd^ for some complex number c. 

We claim that every monomial in the polynomial contains at least one of 
the variables y l r , fj s , where r = 1, • • • ,p' — p, s — n + 1, • • • , v! and Z = 1, • • • , d. 
This can be seen from the explicit form ()3.9|) of 0\. Consider first the case with 
t '■— fim+i > n. Then (p + )[ > m, and A M + has the factor A t) ( M +y. From ()2.7j) 

we see that A^+y is the determinant of a matrix with rows (77^, f/ 4 2 , • ■ ■ , 77^ 
with Grassmann number entries. Now consider the case with < — g. Let 
7 = (/i~)*, then 7 P+ i > q. Thus we must also have 71 > q, and u := 7^ +1 > p+ 1. 
Now A*_ has the factor A*. From ()2.16|) we see that A* is the determinant of a 
matrix with a column (y pl+1 _ u , y^ x _ u , • • , yfi^J- Note that p' + l-u < p' -p. 

Now it is obvious that ^(Q^) = 0, which in turn implies t> M = 0. Therefore, the 
decomposition of C[x, y, 77, (] can not contain V£ g> W^ |n+(? as an irreducible 
submodule if /x violates any of the conditions p m +i < n and /i^-p > — g. □ 

By using Theorem 12.11 Theorem 12.21 and the decomposition C[x, y, 77, Q = 
C[x, 77] <8) C C[y, C], we have 

C[x )y ,77,C] = E^®^®^®^ 1 ^ 

where the summation in A is over all the partitions of length d satisfying A m+ i < n, 
and the summation in p is over all the generalized partitions of non-positive 
integers of length d satisfying p d _ p > — Q- 

The decomposition of the tensor product of any two finite dimensional irre- 
ducible gZ^-modules is described by the Littlewood-Richardson theory. For any 
generalized partitions A and p of length d, 

(3.i3) v d x ®v» - ^ci/;, 
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where the non-negative integers C% are the so-called Littlewood-Richardson co- 
efficients, which give the respective multiplicities of the irreducible gZd-modules 
VJ appearing in the tensor product. 
Therefore, C[x, y, rj,(] decomposes into 



where the summation in v is over all the generalized partitions of length d. Com- 
bining Theorem 13.31 and ()H.14j) . the Littlewood-Richardson coefficients ap- 
pearing in (|3.14j) may be non-zero only when v satisfies the conditions v m +i < n 
and i>d-p > — q- Now if we put p = d — m — 1, n = \ m +i and q = —fid- P , then 
the conditions become v m +i < A m+ i and v m +i > fJ-m+i- Letting m run from to 
d — 1 , we have the following corollary. 

Corollary 3.1. Assume that X is a partition of length d and /i is a generalized 
partition of non-positive integers of length d. If v is a generalized partition of 
length d satisfies u m > \ m or v m < /i m for some m e {1,2, ... ,d}, then C% = 0. 

Corollary 13. II translated to ordinary partitions implies the following. 

Corollary 3.2. Let A and fi be two partitions of length d. If v is a partition of 
length d satisfies u m > min{/i m + Ai, A m + /ii} for some m £ {1,2, ... ,d}, then 
the Littlewood-Richardson coefficient C% = 0. 

Proof. Let A = (Ai, A2, . . . , A^) and /i = (/xi, /i2, • • • Hd) be two partitions. Then 
//—/ill := (/ii—/ii, /i 2 —/ii, ... /id—/ii) is a generalized partition. By Corollary EIH 
we have = C^"^ 1 ^ = if v m —^\ > A m for some m e {1,2, ... ,d}. Therefore, 
the corollary follows from the symmetry property of the Littlewood-Richardson 
coefficients. □ 

Remark 3.2. A alternative method to prove Theorem l3.3l is the following. One can 
first prove Corollary 13. 2\ using, for example, the celebrated combinatorial algo- 
rithm known as the Littlewood-Richardson rule (see e.g. PH])- Using Corollarv l3.2l 
it can then be derived that in the tensor product decomposition of V£ ® Vjf, with 
A a partition of length d satisfying A m+ i < n, and ji a generalized partition of 
non-positive integers of length d satisfying fid- p > —q, only ^Z^-modules associ- 
ated to generalized partitions v with v m +i < n arid Vd- V > —q can occur. Using 
this fact together with Lemma 13.21 it is then not difficult to prove Theorem 13.31 

4. Branching rules of unitarizable irreducible #Z TO+p | n+? -MODULES 

As an easy application of Theorem 13.31 we derive the gl m + P \n+q gl P \q x gl m \n 
branching rule for the infinite dimensional unitarizable irreducible gl m +p\n+q- 
representations arising from the decomposition of tensor powers of the Fock space 



(3.14) 
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of m + p bosonic and n + q fermionic quantum oscillators. Results of this sec- 
tion will be important for developing a character formula for these unitarizable 
irreducible aZ m+p | n+g -modules. 

Let us denote by t c the subalgebra gl p \ q x gl m \ n of gl m +p\n+q- Recall the de- 
composition of C[x, y, rj, C] clS db gl d x ! c -module flSHD. Denote by W^ |n+ I 

the restriction of W^Ti , to a £ c -module. Let us now consider Theorem 13.31 
by restricting both sides of equation (j3.11j) to gZ d x £ c -modules. Using (|3.14j) we 
obtain 



E^® w % 



AM 

m+p|n+q 



where the summation in z/ on the left hand side is over the generalized partitions of 
length d satisfying the conditions v m +i < n and v d _ p > —q. The above equation 
immediately leads to the following gl m+p \ n+q — * gl p \ q x gl m \ n branching rule: 

Theorem 4.1. Let v be a generalized partition of length d subject to the conditions 
Vm+i < n and v d _ v > —q. We have 

glpjq X Ql rn \ rL 

A,/j 

where the summation in A zs over aZZ £/ie partitions of length d satisfying \ m +i < 
n ; and tae summation in [i is over all the generalized partitions of non-positive 
integers with length d satisfying fid-p > — Q- 

Recall that A(u) is defined by (jSUDD- 

5. Character formula for unitarizable irreducible 

a/ m+p |„+g-MODULES 

In this section, we shall develop a character formula for the infinite dimen- 
sional unitarizable irreducible gl m+p \ n+q -modvL\es appearing in the decomposition 
of C[x, y, 7], (]. Let us first present some background material on Schur functions 
and the so-called hook Schur functions of Berele-Regev [Tj. A comprehensive 
reference on Schur functions is [T§] . 

5.1. Hook Schur function. Let x = {x±,X2, ■ ■ ■ ,x m } be a set of m variables. 
To a partition A of non-negative integers we may associate the Schur function 
s\(xi, x 2 , • • • , x m ). We will write sa( x ) f° r s x(xi,x 2 , ■ • • , x m ). For a partition \i C 
A we let sa/ m (x) denote the corresponding skew Schur function. Denote by // the 
conjugate partition of a partition /i. The hook Schur function pQ corresponding 
to a partition A is defined by 

(5-1) HS x (x;y) := E s M( x ) s A'///(y), 

MCA 
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where as usual y = {y 1} y 2 , ■ ■ ■ , y n }- 

Let A be a partition and // C A. We fill the boxes in \x with entries from the 
linearly ordered set {x\ < x 2 < ■ ■ ■ < x m } so that the resulting tableau is semi- 
standard. Recall that this means that the rows are non-decreasing, while the 
columns are strictly increasing. Next we fill the skew partition A//x with entries 
from the linearly ordered set {y\ < y 2 < ■ ■ ■ < y n } so that it is conjugate semi- 
standard, which means that the rows are strictly increasing, while its columns 
are non- decreasing. We will refer to such a tableau as an (m\n)- semi- standard 
tableau (cf. [1J. To each such tableau T we may associate a polynomial (xy) T , 
which is obtained by taking the products of all the entries in T. Then we have 

m 

(5.2) tfS A (x;y) = ]T(xyf, 

T 

where the summation is over all (m|rz)-semi-standard tableaux of shape A. 

We recall the following combinatorial identity involving hook Schur functions 
that is of crucial importance in the sequel. Note that HS\(x.; y) 7^ iff A m+ i < n. 

Proposition 5.1. 2J Let x = {x\,x 2 , ■ • • , x m }, r\ = {r)i,r) 2 , ■ ■ ■ , rj n } be two sets 
of variables and z = {z\, z 2 , ■ ■ ■ , Zd} be d variables. Then 

Y[(l - XiZkY 1 ^ + T]jZ k ) = ^ HS \i X 'i 1l) s \( z ), 

i,j,k A 

where 1 < i < m, 1 < j < n, 1 < k < d and A is summed over all partitions with 
length d subject to \ m +i < n. 

Replacing Xi, rjj and z k in Proposition 15.11 bv y~ x , C" 1 and z^ 1 , we obtain the 
following result. 

Proposition 5.2. 2\ Let y = {yi,y 2 , •■• ,y p }, ( = {Ci, C2, ■ • - ,Cg}, and z = 
{21,22, •■• ,z d }. Sety- 1 = {yi l ,y 2 1 ,-- ■ C _1 = {Cf 1 , Ci 1 , • ■ • ,Cg -1 }, and 

2T X = {zf 1 ,^ 1 , ■ ■ ■ ,z^}. Then 

II( 1 " % V)" l (i + C7 V) = E ^(y- 1 ; C 1 )^- 1 ), 

ij,fc A 

where 1 < k < d, 1 < i < p and 1 < j < q and A zs summed over all partitions 
with length d subject to A p+ i < q. 

We recall the following lemma which plays a crucial role in developing a charac- 
ter formula for unitarizable irreducible gZ m+p | n+(? -modules by using Howe duality. 
Denote by chiV^) the formal character of the irreducible gZd-module V^- 

Lemma 5.1. [2] Let q be an indeterminate and suppose that (f){q)ohV d x = 0, 
where 4>\{q) are power series in q and A above is summed over all generalized 
partitions of length d. Then <f)\(q) = 0, for all A. 
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5.2. Character formula for finite dimensional modules. Recall from Sub- 
section EH] that , id, are the weights of the natural gZd-module C d , and 
ei, • • • , e m , Si,'" ,S n are the weights of the natural g/ m | n -module C m ' n . Let e be 
a formal indeterminate. For k — 1, ■ ■ ■ , d, % — 1, ■ ■ ■ , m and j — 1, ■ ■ ■ , n, we 

set 

(5.3) z k = e ik , Xi = e e \ fjj = e 6 ' , 

and let x. = {x 1 ,x 2 ,-' , x m }, V = {fji, fj 2 ,-' , Vn} and z = {zi, z 2 , ■ ■ ■ , z d }. 
Consider C[x, rf\ as a gld X ^Z m [ n -module. Its formal character ch(C[x, rj}) with 

respect to the Cartan subalgebra YIT^ ^^ii®Ylk=i ^- e kk can be easily computed 
by using equations (|2.4j) and (|2.5|) to give 

(5.4) ch(C[x, 77]) = J](l - x t z k )-\l + fjjZk), 

i,j,k 

where 1 < i < m, 1 < j < n, 1 < k < d. Thus by Proposition 15. II 

(5.5) ch(C[x,7j]) = ^if5 A (x;r7) SA (z), 

A 

where A is summed over all partitions with length d subject to A m+ i < n. 

Let us denote by ch(V^| n ) the formal character of the irreducible (// TO | n -module. 
Theorem 12. II leads to 

ch(C[x,r / ]) = ^ch(^)ch(^ |n ), 

A 

where, we recall that, ch(V d A ) = s\(z). By using Lemma 15.11 we obtain the 
following well-known result pQ. 

Theorem 5.1. For each partition A of length d subject to the condition X m +i < n, 

chimin. = HSxfrrj), 

where A is defined by (|2.2|) . 

Keep the notations of this subsection but replace m by p and n by q. Let x _1 

= {^ iSlj '" ' ' T 1 = ^i 1 '^" 1 ' ' ' ' and ^ 1 = ^i~ 1 ' 5 2~ 1 ) ■ ■ • ^d 1 }- 

Using ()2.13|) and ()2.14|) . we can easily compute the formal character of the 
gld x g/p|,j-module C[y, £] with respect to the Cartan subalgebra 5^?=i<C-Z£m © 
J2k=i Ce kk- We have 

(5.6) ch(C[y, C]) = (x x • • • x p y d (fji ■ ■ ■ fj q ) d - xT% ^(l + fj^ 1 ), 

i,j,k 

where 1 < % < p, 1 < j < q, and 1 < A; < d. By Proposition 15.21 

(5.7) ch(C[y, C]) = (xi ■ ■ ■ x p y d (fji-- f} q ) d HSxi*- 1 ; r 1 )^^ -1 ), 

A 
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where A is summed over all partitions with length d subject to X p+ i < q. 

Note that chfV/*) = sa(z _1 ). Thus the following theorem is a consequence of 
Theorem 12.21 bv using Lemma f5. II and equation (J5.7j) . 

Theorem 5.2. For each partition A of length d subject to the condition X p +\ < q, 

chV^ = ( Sl ■ ■ ■ x p )- d (fji ■■ ■ fj q ) d HS^ 1 ; fj' 1 ), 
where A* is as given in (|2.18|) . 

5.3. Character formulas for unitarizable g/ m+p | n+(? -modules. We keep the 
notations Zi, 1 < i < d, and z, z _1 from the last subsection. Let e be the formal 
indeterminate as before. For 1 < r < p, 1 < s < q, 1 < i < m, and 1 < j < n, 
we define 

where, we recall that, ?a G §* m+p \ n+q , A 6 I, are defined by e^-STf ) = 5^^, A, B E 
I. Set x = {xi, x 2 , • • •_, x m }, fj = {fjx, fj 2 , ■ ■ ■ , fj n }, y" 1 = {yf 1 , j/J 1 , • • • , y" 1 } and 

C = {Cl ) C2 ) ' ■ " ) Cq }• 

We wish to compute the formal characters ch(VK m ^, n+9 ) with respect to the 
Cartan subalgebra t) m+p \ n+q = Y7a=i +P+9 f° r the unitarizable irreducible 
S'/m+pln+g-modules W^ +p ^ n+q appearing in the decomposition of C[x, y, 77, C] - 

Theorem 5.3. For each generalized partition A of length d subject to the condi- 
tions A m+ i < n and \d- p > —q, 

zHwt% n+q ) = (vm ■ ■ ■ y P r\U2 ■ ■ ■ Q d £ c^HSfa ^^(y 1 ; C 1 ), 

where p and v are summed over all partitions of length d subject to the conditions 
/-im+i < n and u p+ i < q respectively. The , are the Littlewood-Richardson 
coefficients. 

Proof. Consider the restriction of W A ^\ . to a module of the subalgebra oL x 

■> m+p\n+q & w 

glm\n x glp\ q - Its formal character with respect to the Cartan subalgebra \)d x 
fyp\q x fym\n coincides with ch.(W^^ n+q ) . Therefore by Theorem 14. II we have 

(5-8) ch(<W |n+9 ) = J2 C^cHV^JcHV^+n 

where p and v are summed over all partitions of length d subject to the conditions 
yUm+i < n and v p +i < q respectively. Using Theorem 15. II and Theorem 15 .21 in this 
equation we immediately arrive at the claimed result. □ 
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6. Tensor Product Decomposition of unitarizable irreducible 

^/ m+ p| n+g -MODULES 

As another application of Theorem 13.31 we shall compute the tensor product 
decomposition 

V U, V " m+p\n+q ^ vv m+p\n+q fiu m+p\n+q'' 

X 

where \i and v are generalized partitions of length I and r, respectively, satisfying 
in addition the conditions fi m +i < n, v m +i < n, Hi- P > — Q an d v r - p > —q. It 
will follow easily from our discussion that the summation A in (jfj.lj) is over all 
generalized partitions of length I + r and satisfying A m+i < n and A/ +r _ p > —q. 
We will compute the coefficients a* in terms of the usual Littlewood-Richardson 
coefficients (see e.g. [19]). 

We have by Theorem 13.31 for d = I, r and I + r respectively 



S(C l © C m|n © C'* © C p|9 *) S ^ Vf © W^S| n+(? , 



v 



and 



s(c l+r © c m i n © c /+r * © c^*) = ^ v£ r © w^l ln+q , 

x 

where fi, v and A are generalized partitions satisfying the corresponding conditions 
described above. The isomorphism S(C l © C m|n © C l * © C p| «*) © S(C r © C m|n © 
C r* g, cpI9*) £ S(C z+r © C m l n © C' +r * © C p l g *) gives rise to 

(6.2) J2 V f ® ^ ® ® = E ^ ® ^S|n +9 " 

Now suppose that V^ r , when regarded as a g/z x g/ r -module via the obvious 
embedding of gl\ x into gk+ r , decomposes as 

This together with (jfj.ljl and (j6.2jl give 
(6-3) oj, = &f . 

The duality between the branching coefficients and tensor products of a general 
dual pair is well-known ^H]- We recall that in (j6.3jl /x, ^ and A are generalized 
partitions subject to the appropriate constraints. 

Now Theorem 12.11 with n = combined with an analogous argument as the 
one given above imply that 

(6-4) Cl = 6f , 
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where here /i, is, A are partitions of appropriate lengths and the CzJ's are the 
usual Littlewood-Richardson coefficients. 

Now for generalized partitions /i, is and A subject to appropriate constraints the 
decomposition V t \ r S Y.^K^i ® V r implies that V^f 11 ^ S £ M>iy &f If ® 
yu+di,.^ w ]j ere x fc denotes the fc-tuple (1, 1, • • • , 1) regarded as a partition. Hence 
b^ u = lr . Now if we choose a non- negative integer <i so that A + dli +r is 

a partition, then ^+dij'^. +dlp = C^+di' J+di r an d hence by ()6.3|) and (|6.4I) 

From our discussion above we arrive at the following theorem. 

Theorem 6.1. Let fi and is be generalized partitions of length I and r, respec- 
tively, satisfying in addition the conditions [i m +i < n, v m+ i < n, /ii~ p > —q 
and z/ r _ p > —q. Let W^^ n+q and W^h n+q be the corresponding unitarizable 

gl m+p \ n +q-modules. We have the following decomposition ofW^^ n+q <g> W^L n+q 
into irreducible gl m+p \ n+q -modules: 

w AM <%> w A{u) ^ V r x w A(\-di l+r ) 

m+p\n+q w rr m+p\n+q / j ^ n+dli ,u+dl r r " m+v\n+a ' 

(A,d) 

where the summation above is over all pairs (A, d) subject to the following four 
conditions: 

(i) X is a partition of length I + r and d a non-negative integer. 

(ii) (A - dli +r ) m+1 < n and (A - dl i+r ) J+r __ p > -q. 

(iii) fi + dli and is + dl r are partitions. 

(iv) If d > 0, then X is a partition with Xi +r = 0. 

Here the coefficients C^ +dliU+dlr are determined by the tensor product decompo- 
sition of gl k -modules V^ 1 = £ A C* +dlit „ +dl V k \ where k = l + r. 

Remark 6.1. In the above theorem the coefficients C^ +dl u+dlr are the usual 
Littlewood-Richardson coefficients associated to partitions, and hence can be 
computed via the Littlewood-Richardson rule. 

Remark 6.2. We finally note the remarkable similarity between the irreducible 
representations of the so-called super Wi +00 , that is the Lie superalgebra of dif- 
ferential operators on the circle with N = 1 extended symmetry, that appear in 
the decomposition of tensor powers of its natural representation on the infinite- 
dimensional Fock space [2J, and the irreducible unitarizable representations of 
glm+p\n+q of this paper. Indeed the characters and the tensor product decom- 
position are virtually identical modulo some modification necessitated by the 
infinite-dimensional nature of the super Wi +OQ . This similarity can be explained 
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by the existence a Howe duality between the super W\ +oc and glj on the d-th ten- 
sor power of the Fock space generated by infinitely many fermionic and bosonic 
quantum oscillators 0. 
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